Abstract. The main result is that the Fredholm property of a ΨDO acting on Sobolev spaces in the Weyl-Hörmander calculus and the ellipticity are equivalent for geodesically temperate Hörmanders metrics whose associated Planck's functions vanish at infinity. Additionally, we prove that when the Hörmander metric is geodesically temperate, and consequently the calculus is spectrally invariant, the inverse
Introduction
The question of spectral invariance is of a significant importance in the theory of pseudodifferential operators. Recall that a pseudodifferential calculus is said to be spectrally invariant if for every ΨDO with 0 order symbol (consequently, continuous on L 2 ) which is invertible on L 2 its inverse is again a ΨDO with a 0 order symbol. This property has been proved by several authors for various global (and local) calculi including the Shubin calculus, the SG (scattering) calculus, the Beals-Fefferman calculus, e.t.c. (see [4, 12, 14, 19, 20, 28] ). In their seminal paper [8] , Bony and Chemin (see also [9] ) generalised these results by proving the spectral invariance for the WeylHörmander calculus [17, 18] when the Hörmander metric satisfies the so-called geodesic temperance (see [8, 21] ). In the first part of this article (Section 3) we slightly improve two lemmas of [8, 21] , by, essentially, repeating the arguments employed there, but changing the right hand sides of the estimates in these results. Subsequently, we avail ourselves of these results to prove the following fact which sheds more light on the spectral invariance of the Weyl-Hörmander calculus: the process of taking inverses in S(1, g) preserves the regularity. To be more precise, if λ → a λ is a C N , 0 ≤ N ≤ ∞, mapping with values in S(1, g) such that a w λ is invertible on L 2 , then the mapping λ → b λ , where b w λ is the inverse of a w λ , is also of class C N ; in fact, we prove this result for matrix valued symbols. In the second part of the article (Section 4), we investigate the Fredholm properties of ΨDOs with symbols in the Weyl-Hörmander classes when acting between the Sobolev spaces naturally associated to them. The main result is that the Fredholm property of a ΨDO can be characterised by the ellipticity of the symbol, that is a ΨDO is Fredholm operator between appropriate Sobolev spaces if and only if its symbol is elliptic (see [6, 24, 20, 19] for similar type of results concerning special instances of the Weyl-Hörmander calculus). This result heavily relies on the vanishing at infinity of the Planck function associated to the Hörmander metric as well as on the main result of Section 3 which, in turn, depends on the spectral invariance and the geodesic temperance of the metric.
Preliminaries
Let V be an n dimensional real vector space with V ′ being its dual. The 2n-dimensional vector space is W = V × V ′ is symplectic with the symplectic form [(x, ξ), (y, η)] = ξ, y − η, x . We will always denote the points in W with capital letters X, Y, Z, . . .. Let X → g X be a Borel measurable symmetric covariant 2-tensor field on W that is positive definite at every point. We will always denote the corresponding positive definite quadratic form at X ∈ W by the same symbol g X , i.e. g X (T ) = g X (T, T ), T ∈ T X W . Denoting by Q X the corresponding linear map W → W 2 /g X (S). We say that X → g X is a Hörmander metric if the following three conditions are satisfied:
(i) (slow variation) there exist C ≥ 1 and r > 0 such that for all X, Y, T ∈ W
(ii) (temperance) there exist C ≥ 1, N ∈ N such that for all X, Y, T ∈ W
(iii) (the uncertainty principle) g X (T ) ≤ g σ X (T ), for all X, T ∈ W . We call C, r and N the structure constants of g. We say that g is symplectic if g = g σ . Denote λ g (X) = inf T ∈W \{0} (g σ X (T )/g X (T )) 1/2 ; it is Borel measurable and λ g (X) ≥ 1, ∀X ∈ W . Given Y ∈ W and r > 0, denote 
We denote by g # X the geometric mean of g X and g 
Given a g-admissible weight M, the space of symbols S(M, g) is defined as the space of all a ∈ C ∞ (W ) for which
With this system of seminorms, S(M, g) becomes an (F )-space. One can always regularise the metric making it to be smooth (hence Riemannian) without changing the notion of g-admissibility of a weight and the space S(M, g); furthermore the same can be done for any g-admissible weight (see [17] , [21, Remark 2.2.8, p. 71]). In fact, given any g-admissible weight M, there exists a smooth g-admissible weightM ∈ S(M, g) and
The definition of S(M, g) can be naturally extended to matrix valued symbols. Namely, letṼ be a finite dimensional complex Banach space (from now on, always abbreviated as (B)-space) with norm · Ṽ and denote by
where the latter norms are defined as in (2.1) with a (l) (X;
For any a ∈ S(W ) (or a ∈ S(W ; L b (Ṽ ))), the Weyl quantisation a w is the operator
where dy is a left-right Haar measure on V with dξ being its dual measure defined on V ′ so that the Fourier inversion formula holds with the standard constants (consequently, a w as well as the product measure dydξ on W are unambiguously defined); a w extends to a continuous operator from S ′ (V ) into S(V ) (resp. from S ′ (V ;Ṽ ) = S ′ (V ) ⊗Ṽ into S(V ;Ṽ ) = S(V )⊗Ṽ ; the topology on the tensor product is π = ǫ). The definition of the Weyl quantisation extends to symbols in S ′ (W ) (resp. S ′ (W ; L b (Ṽ ))) and in this case
w is in fact continuous as operator on S(V ) (resp. S(V ;Ṽ )) and it uniquely extends to an operator on
The bilinear map # extends uniquely to a weakly continuous bilinear map
) (in the sense of [17, Theorem 4.2] ) and it is also continuous when these spaces are equipped with the (F )-topologies described above. This holds equally well in the L b (Ṽ )-valued case (see [17] ). Given Y ∈ W and r > 0, denote
We will use the same notations even when a is L b (Ṽ )-valued (of course, instead of the absolute value one uses · L b (Ṽ ) in the above definition); from the context, it will always be clear whether we are considering scalar or L b (Ṽ )-valued symbols. For fixed Y and r, the set of g Y -confined symbols in U Y,r coincides with S(W ) (resp. with
There is r 0 > 0 which depends only on the structure constants of g such that for each r ≤ r 0 there is a smooth uniformly
where
, and denoting as before a Y = aϕ Y we have
where the equality holds if we interpret the integral in Bochner sense as well as pointwise. Furthermore, for ϕ Y , Y ∈ W , as above and any r ′ > r there exist two strongly Borel measurable uniformly
It is a Hilbert space with inner product
and its definition and topology do not depend on the choice of the partition of unity ϕ Y , Y ∈ W , and the families ψ Y , θ Y , Y ∈ W . The space S(V ) is continuously and densely included into H(M, g) and the latter is continuously and densely included into S ′ (V ). If a ∈ S(M ′ , g), a w restricts to a continuous operator from 
, where I :Ṽ →Ṽ is the identity operator. It is a (B)-space since it is topologically isomorphic to H(M, g) ⊗Ṽ .
Fixing an inner product onṼ naturally induces an inner product on L 2 (V ;Ṽ ) which, in turn, induces an inner product on H(M, g;Ṽ ) (similarly as in (2.4)) and the latter becomes a Hilbert space. Moreover, the above isomorphism verifies that all facts we mentioned for the scalar valued case remain true in the vector-valued case as well.
For any A ∈ L(S(V ), S ′ (V )) and any linear form L on W , we denote by ad
, for some T ∈ W , it will be convenient to identify the linear form L with T . If a ∈ S(M, g), the following seminorms are always finite for all families φ Y , Y ∈ W , which are uniformly
where 
, ∀Y ∈ W , ∀k ∈ N, and the seminorms A 
All of the above hold equally well in the vector-valued case with φ w Y and ad L w replaces by (φ Y I) w and ad(LI) w respectively; in fact, the validity of these results is a direct consequence of the topological isomorphism
On a couple of occasions we will impose the following additional assumption on g; we will always emphasise when we assume it. We say the Hörmander metric g is geodesically temperate if there exist C ≥ 1 and N ∈ N such that 
Inverse smoothness in
The result of Bony and Chemin [8, Theorem 7.6 ] (see also [21, Theorem 2.6.27, p. 158]) verifies that the Weyl-Hörmander calculus is spectrally invariant provided the Hörmnader metric g is geodesically temperate. That is, given a ∈ S(1, g) such that a w is invertible on L 2 (V ) its inverse is pseudodifferential operator with symbol in S(1, g) (i.e. the operators with symbols in [16, 24] ). In this section, we prove that this process of taking inverses preserves the regularity in the following sense. If λ → a λ is of class Lemma 7.5] but the right hand sides of the estimates in our paper have slightly more precise forms. Moreover, the second lemma is slightly more general variant of the second cited lemma. 
here and throughout the article we use the principle of vacuous (empty) product; i.e.
with C 0 and k 0 ≥ 2n + 1 depending only on N 0 and C 1 ≥ C 0 and k 1 ≥ k 0 depending on N 0 + N 1 . Now, one can deduce the claim in the lemma by considering the four cases depending on whether 0 or ν − 1 belongs to J or not. We illustrate the main ideas on the case when 0 ∈ J and ν − 1 ∈ J.
g Ys ,U Ys ,r .
As t + 1, s ∈ K and k 0 ≤ k 1 , we infer c s
,r ≤c and the above is bounded byc 2(|J|+1)c2(ν−|J|−2) . As |J| + 1 = |(J ∪ {0})\{ν − 1}| and ν − |J| − 2 = ν − |J ∪ {0, ν − 1}|, we deduce the claim in the lemma.
The following is a slight generalisation of [8 Lemma 3.2. Let g be a geodesically temperate symplectic Hörmader metric. There exist C 0 > 0 and k 0 ∈ Z + which depend only on the structure constants of g, and for all k ∈ N, there exist 
is bounded by sum of (ν + 2) k termsω k of the form
where b j = ( α∈E j ∂ Tα )a j,Y j and E j , j = 0, . . . , ν + 1, are disjoint possibly empty subsets of {1, . . . , k}.
Employing the geodesic temperance of g(= g # ), in an analogous fashion as in the proof of the quoted result, we infer
where C and N depend only on the structure constants of g and the constants in (2.5).
If J\{0} = ∅, we infer
where, the very last sum has at most (ν + 1) k terms and each F µ is of the following form
. only E 0 is nonempty) then (3.3) remains true if the sum over µ has only one term F µ = 1, i.e. m j,µ = 0,
Then ν j=0m j,µ ≤ 3k + 1. LetJ µ = {j ∈ N|m j,µ = 0}. Then |J µ | ≤ 3k + 1, ν ∈J µ and
For each µ we apply Lemma 3.1 with
; of course, we may assume k 0 ≤ k 1 . Notice thatK ′ µ = ∅ if and only if J µ = {0, . . . , ν}. By construction, there exists C ′ ≥ 1, which depends only on the structure constants of g, such that c j 
with C ′ 0 depending only on the structure constants of g and C ′ 1 independent of ν and a 1 , . . . , a ν . Since |J µ ∪ {0}| ≤ 3k + 2 ≤ 4k + 1 we deduce
Having in mind the latter and the fact that the sum over µ has at most (ν + 1) k terms, we can employ the estimate (3.6) in (3.2) to conclude the claim in the lemma; the estimates for (θ
) (when k = 0) can be obtained in analogous fashion as for the case when k ∈ Z + .
The following remarks will prove useful throughout the rest of the article; we state them here for convenience but we will frequently tacitly apply them. Remark 3.3. If E j , j = 1, 2, are two locally compact Hausdorff topological spaces and f j : E j → S(W ; L b (Ṽ )), j = 1, 2, continuous mappings, then the mapping 
If E j , j = 1, 2, are as above and f j : 
, is also continuous.
Remark 3.4. If E j , j = 1, 2, are two smooth manifolds without boundary (we always assume the smooth manifolds are paracompact) and f j :
are of class C N , 0 ≤ N ≤ ∞, then so is the map (3.7); this can be easily derived from [21, Corollary 2.3.3, p. 85] (in fact, since the problem is local in nature, it is enough to prove it when E 1 and E 2 are Euclidean spaces). If X j is a smooth vector field on E j and f j is smooth, j = 1, 2, then
(of course, X 1 f 1 (λ) and X 2 f 2 (µ) are smooth maps into S(W ; L b (Ṽ ))). Consequently, if
, is smooth and the smooth vector fields on E are derivations of the algebra C ∞ (E; S(W ; L b (Ṽ ))) (with the associative product #). If f j , j = 1, 2, are of class C N , N ≥ 1, and X a smooth vector field on E, we still have
(3.10)
If E 1 and E 2 are as above and f j : E j → S(M j , g; L b (Ṽ )), j = 1, 2, are of class C N , 0 ≤ N ≤ ∞, where M j , j = 1, 2, are admissible weights for g, then the mapping (3.8) is also of class C N (by [21, Theorem 2.3.7, p. 91]). When f j , j = 1, 2, are smooth, (3.9) holds true; in particular, if E 1 = E 2 = E and M 1 = M 2 = 1, the smooth vector fields on E are derivations of the unital algebra C ∞ (E; S(1, g; L b (Ṽ ))) (with the associative product #). Furthermore, if f 1 and f 2 are of class C N , N ≥ 1, and X a smooth vector field on E, (3.10) remains valid.
The main result of the section is the following. Theorem 3.5. Assume that g is a geodesically temperate Hörmander metric. Let E be a Hausdorff topological space and f : E → S(1, g; L b (Ṽ )) a continuous mapping. If for each λ ∈ E, f(λ) w is invertible operator on L 2 (V ;Ṽ ), then there exists a unique continuous mappingf :
If E is a smooth manifold without boundary and f :
Proof. The existence off : E → S(1, g; L b (Ṽ )) which satisfies (3.11) is a direct consequence of [21, Theorem 2.6.27, p. 158] 3 and the uniqueness easily follows from the fact that S(1, g; L b (Ṽ )) is a unital associative algebra. We need to proof the continuity and the fact thatf is of class C N , respectively. Throughout the proof, we fix an inner product onṼ and denote by · Ṽ and · L b (Ṽ ) the induced norms.
The continuity off follows from general facts on Fréchet algebras because of the following. The set of invertible elements of the Banach algebra L b (L ))) is continuous which implies thatf is continuous. However, we will give a direct proof of the continuity off in the case E is a locally compact Hausdorff topological space since much of the ideas (and notations) we employ in this case will become useful for the part concerning the assertion thatf is of class C N when E is a smooth manifold. Assume first that g is symplectic; thus g = g # = g σ . Let E be a locally compact Hausdorff topological space and let r :
(V ;Ṽ )) is open and thus its inverse image under the continuous mapping
m as operators on L 2 (V ;Ṽ ). Fix λ 0 ∈ E and a compact neighbourhood K of λ 0 . There exists 0 < ε < 1 such that sup λ∈K r(λ) w L b (L 2 (V ;Ṽ )) ≤ ε and, for every k ∈ N there existsC k ≥ 1 such that sup λ∈K r(λ)
≤C k . Now, in analogous way as in the first part of the proof of [21, Theorem 2.6.27, p. 158] one deduces that for each k ∈ N there exists 0 < ε k < 1 andC
, is also of class C N (it is continuous by the above considerations). Let λ 0 ∈ E be arbitrary but fixed. Let K be a compact neighbourhood of λ 0 included in a coordinate neighbourhood U with local coordinates (λ 1 , . . . , λ p ) about λ 0 . Let q ∈ Z + , q ≤ N, be arbitrary but fixed and denotẽ
For k ∈ N, we apply [21, Theorem 2.6.12, p. 145] with τ ∈ [0, 1) to be chosen later to deduce the existence of C ′ k,τ ≥ 1 and l k,τ ∈ Z + such that
When m ≥ 2q, at least m − q ≥ m/2 of the terms b λ,j are just r(λ) and thus
op(1,g) , we apply Lemma 3.2 to conclude
< ∞ (recall, k 0 depends only on the structure constants of g). Then, for m ≥ max{2q, 4l k,τ } we deduce
.
We take τ ∈ (0, 1) such that (recall, C 0 depends only on the structure constants of g)
As q and λ 0 are arbitrary, we conclude that λ → 1+
, is of class C N . Let f be as in the statement of the theorem; we continue to assume g is symplectic. Fix λ 0 ∈ E and let K be a compact neighbourhood of λ 0 and, if E is a smooth manifold, assume further that K is a regular compact set (i.e.
, f is continuous and K compact, there exists C > 0 and for each λ ∈ K there exists 0 < c λ ≤ C such that
Define r(λ) = I − C −1 f(λ) * #f(λ) and thus, r(λ)
The first part now implies that there exists a continuous mapping
Similarly, there exists a continuous mappingR
Now, (3.12) and (3.13) imply that
) is continuous and satisfies the conclusion of the theorem on K. If E is smooth manifold and f is of class C N , the first part verifies that the restriction of R K to int K is of class C N and thus the restriction off K to int K is also of class C N . Covering E by compact neighbourhoods and noticing that, when
we conclude the proof of the theorem when g is symplectic.
Assume now that g is a general geodesically temperate Hörmander metric; g # is also a Hörmander metric by [ 
, the first part of the proof verifies the existence of a continuous mapf : E → S(1, g # ; L b (Ṽ )) such that (3.11) holds. In fact, [21, Theorem 2.6.27, p. 158] verifies thatf(E) ⊆ S(1, g; L b (Ṽ )); we only need to prove it is continuous as an
, {l 1 , . . . , l m } ⊆ {1, . . . , k}, are admissible weights for g and g # with uniform structure constants for g and g # (cf. the proof of [21, Theorem 2.6.27, p. 158]); of course the structure constants depend on
, for all q ∈ N, λ ∈ E.(3.14)
Applying ∂ T 1 to the identity (3.11), we infer ∂ T 1f (λ)#f(λ) +f (λ)#∂ T 1 f(λ) = 0 and thus
is a finite sum of terms of the form
where each f
λ is eitherf(λ) or ∂ T l 1 . . . ∂ T lm f(λ) and s ≤ 2k + 1; furthermore each ∂ T j , j = 1 . . . , k, appears exactly once in (3.15). Fix λ 0 ∈ E and a compact neighbourhood
is a finite sum of terms of the form 
We take the norm · have uniform structure constants with respect to g # and s ≤ 2k + 1) such that this norm is dominated by
, (3.17) whereM j , j = 1, . . . , s, are given as follows: when f (j) λ =f (λ) thenM j (X) = 1, ∀X ∈ W , and when f
Sincef and f are continuous with values in S(1, g # ; L b (Ṽ )) and S(1, g; L b (Ṽ )) respectively and K is compact, (3.17) tends to 0 as λ → λ 0 uniformly in S ∈ W , T j ∈ W , j = 1, . . . , k, satisfying g S (T j ) = 1 (cf. (3.14) ). Thus
We concludef is continuous at λ 0 as a S(1, g; L b (Ṽ ))-valued mapping.
Assume that E is a smooth p-dimensional manifold with f being of class C N , 1 ≤ N ≤ ∞. Then the first part proves thatf :
is of class C N and the above also verifies thatf : E → S(1, g; L b (Ṽ )) is continuous. For a (local or global) smooth vector field X on E, (3.11) implies
To provef is of class C N as an S(1, g; L b (Ṽ ))-valued mapping, let λ 0 ∈ E and let K be a regular compact set containing λ 0 in its interior and K is contained in a coordinate neighbourhood U of λ 0 with local coordinates (λ 1 , . . . , λ p ). We infer 3.18) ). Hence, the maps
. . , p, are well defined and continuous. We will prove that
Let k ∈ Z + be arbitrary but fixed and let T 1 , . . . , T k , S ∈ W be such that g S (T j ) = 1, j = 1, . . . , k. We keep the same notations as above. Notice that
it is of class C N on int K, and, as K is arbitrary, it is of class C N on E as S(1, g; L b (Ṽ ))-valued mapping.
Fredholmness and ellipticity
The goal of this section is to investigate the relationship between the property of a pseudodifferential operator to restrict to a Fredholm operator between appropriate Sobolev spaces and the notion of ellipticity. In fact, we will prove that these are the same provided the metric is geodesically temperate and its associate function λ g tends to infinity at infinity.
We start with the following simple but useful result. 
w is compact on L 2 (V ;Ṽ ) and the result of the lemma follows.
The definition of ellipticity is as follows. Remark 4.3. Of course, in the scalar valued case, this definition reduces to the familiar one when working in the frequently used calculi (the Shubin calculus, the SG calculus, etc.; cf. [23, 25] ); see also [10] for the notion of hypoellipticity in the scalar-valued setting of the Weyl-Hörmander calculus.
Remark 4.5. There exists c ′ 0 ≥ 1 which depends only on dimṼ and · Ṽ such that for any invertible A :
Consequently, for a ∈ S(M, g; L b (Ṽ )) the S(M, g; L b (Ṽ ))-ellipticity of a is equivalent to the following: there exist a compact neighbourhood of the origin K ⊆ W and C > 0 such that a(X) is invertible on W \K and a(X) Proof. Letã = a −1 away from the origin and modified on a sufficiently large compact neighbourhood of the origin so as to be a well defined element of 
Consequently, the restrictions B 1 and B 2 of (b 1 I) w and (b 2 I)
Remark 4.7. If there exists C, δ > 0 such that λ g (X) ≥ C(1 + g 0 (X)) δ , ∀X ∈ W , (i.e. if the metric satisfies the strong uncertainty principle) then given an elliptic a ∈ S(M, g) one can construct a parametrix of a (see [5, 22] ; see also [11, 15] ) and derive from that the the index of a
) does not depend on M 1 ; in fact one can derive the stronger result that the dimensions of the kernel and cokernel are independent of M 1 (cf. [23, Section 1.6]). The significance of the above result is that the index is independent of M 1 even when only requiring λ g → ∞; however we can not say anything about the invariance of the dimensions of the kernel and cokernel.
Our next goal is to prove a converse result to that of Theorem 4.6; namely, if a w restrict to a Fredholm operator between Sobolev spaces than it is elliptic. The proof relies on Theorem 3.5 and, consequently, on the spectral invariance of the WeylHörmander calculus which, in turn, relies on the geodesic temperance of g. We first prove this result for symbols in S(1, g; L b (Ṽ )) and derive the general case from the latter.
Before we proceed, we need the the following result whose proof is the same as for [24, Lemma 2.7] and we omit it. re it (X)e it dt, X ∈ W.
Clearly b ∈ C ∞ (W ; L b (Ṽ )) and, since λ →b λ is continuous and Γ is compact, one easily derives that b ∈ S(1, g; L b (Ṽ )). For each m ∈ Z + , definec m,t =b re 2πij/m e 2πij/m , when 2π(j − 1)/m ≤ t < 2πj/m, j = 1, . . . , m; clearly c m,t ∈ S(1, g; L b (Ṽ )). Furthermore, which yields c#a * #a = I − c#b. Since c#b ∈ S(W ; L b (Ṽ )) and c#a * #a − ca * a ∈ S(1/λ g , g; L b (Ṽ )), we deduce ca * a − I ∈ S(1/λ g , g; L b (Ṽ )). As c ∈ S(1, g; L b (Ṽ )) and 1/λ g vanishes at infinity, we conclude the validity of the theorem. 4 The main result of the section is the following. As 1/λ g vanishes at infinity the claim in the theorem follows.
